Abstract. A canonical connection is attached to any k-symplectic manifold. We study the properties of this connection and its geometric applications to k-symplectic manifolds. In particular, we prove that, under some natural assumptions, any ksymplectic manifold admits an Ehresmann connection, discuss some corollaries of this result and find vanishing theorems for characteristic classes on a k-symplectic manifold.
Introduction
The theory of k-symplectic manifolds was initiated by A. Awane ([1] ), who defined a k-symplectic structure on an n(k + 1)-dimensional smooth manifold M as an ncodimensional foliation F and a system of k closed 2-forms vanishing on the subbundle of T M defined by F with transversal characteristic spaces (for a precise definition see § 2). The study of these structures was motivated by some mathematical and physical considerations, like the local study of Pfaffian systems and Nambu's statistical mechanics. But the interest on k-symplectic geometry has increased especially in recent years by the awareness of its relationship with polysymplectic (or multisymplectic) and nsymplectic geometry, and their applications in field theory (cf. [17] , [18] , [20] ). In fact the k-symplectic formalism is the generalization to field theories of the standard symplectic formalism in mechanics, which is the geometric framework for describing most of autonomous mechanical systems. Especially it can be used for giving a geometric description of first order field theories in which the Lagrangian and Hamiltonian depend on the first jet (prolongation) of the field. The definition of a k-symplectic manifold is a generalization of the notion of a symplectic manifold foliated by a Lagrangian foliation. Thus it is a natural question whether one can define an appropriate analogue of the well-known notion of bi-Lagrangian structure to the context of k-symplectic geometry. We recall that an almost bi-Lagrangian manifold is a symplectic manifold (M 2n , ω) endowed with two transversal Lagrangian distributions L 1 and L 2 . When L 1 and L 2 are both integrable, we speak of bi-Lagrangian manifold. The peculiarity of these geometric structures is that a canonical symplectic connection can be attached to them. This connection was introduced by H. Hess ([13] ), who was working in geometric quantization, and later on its important geometric properties were pointed out by N. B. Boyom ([9] ) and I. Vaisman ([22] , [23] ).
In this work we consider the k-symplectic analogue of bi-Lagrangian structure and attach to a such k-symplectic manifold a canonical connection which plays the same role in k-symplectic geometry as the Hess connection. Moreover we define on a k-symplectic manifold a family of tensor fields which can be thought as the proper generalization in this setting of almost Kähler structures, and we prove that under some integrability assumptions, the above connection coincides with the Levi-Civita connection of a suitable compatible metric. Finally, as an application, we prove that under some certain natural assumption, any k-symplectic manifold admits an Ehresmann connection and we deduce some geometric and topological properties on the k-symplectic manifold in question.
k-symplectic structures
A k-symplectic manifold (cf. [1] , [19] ) is a smooth manifold M together with k closed 2-forms ω 1 , . . . , ω k such that
(1)
ω α (X, X ′ ) = 0 for any X, X ′ ∈ Γ (T F ) and for all α ∈ {1, . . . , k},
where C x (ω) = {v ∈ T x M : ω x (v, w) = 0 for any w ∈ T x M } and F is an nk-dimensional foliation on M . It follows that dim (M ) = n (k + 1). We will usually denote by L the tangent bundle of the foliation F . In terms of G-structures, a k-symplectic manifold can be defined by an integrable Sp(k, n; R)-structure, where Sp(k, n; R) denotes the ksymplectic group, defined by the set of matrices of the following type 
where T ∈ Gl(n; R) and S 1 , . . . , S k are n × n real matrices such that T t S α = S t α T for all α ∈ {1, . . . , k}. The canonical model of these structures is the k-cotangent bundle (T 1 k )
* N of an arbitrary manifold N , which can be identified with the vector bundle J 1 (N, R k ) 0 whose total space is the manifold of 1-jets of maps with target 0 ∈ R k , and projection τ * (j 1 x,0 σ) = x. In this case, identifying (T 1 k ) * N with the Whitney sum
is the projection on the α-th copy T * N of (T 1 k ) * N and ω 0 is the standard symplectic structure on T * N . Returning to the general case of an arbitrary k-symplectic manifold (M, ω α , F ), for each α ∈ {1, . . . , k} we set (2.1)
Then we have ( [3] ):
is an isomorphism, where N F denotes the normal bundle of F . The standard Darboux theorem for Lagrangian foliations holds also for k-symplectic manifolds:
. About any point of a k-symplectic manifold (M, ω α , F ), α ∈ {1, ..., k}, there exist local coordinates {x 1 , . . . , x n , y 1 , . . . , y kn } such that ω α = n i=1 dx i ∧dy (α−1)n+i and F is described by the equations {x i = const.}. In particular, for each α ∈ {1, . . . , k}, L α is generated by ∂ ∂y (α−1)n+1 , . . . , ∂ ∂y αn .
Recall that a vector field X on a symplectic manifold (M 2n , ω) is said to be symplectic if L X ω = 0. For k-symplectic manifolds we prove the following lemma which will be useful in the sequel.
Proof. Using the Cartan formula for the Lie derivative, we have
Occasionally, we will denote by G the foliation integral to Q.
The geometric interpretation of the condition (i) is that, for each α ∈ {1, . . . , k} and for any x ∈ M , Q x is a Lagrangian subspace of the symplectic vector space (L αx ⊕ Q x , ω αx ). The condition (ii) is more technical; it will be essential for proving some preliminary results, like the following Lemma 3.2, and then for the generalization of the Hess's construction to the k-symplectic setting. Its geometric meaning is that for each fixed α ∈ {1, . . . , k}, the subbundle L α ⊕ Q is integrable, hence it defines a foliation whose leaves are symplectic manifolds with respect to the restriction of the k-symplectic form ω α to the leaves. We also have that (L α , Q) is a bi-Lagrangian structure on the leaves of the foliation defined by L α ⊕ Q.
A simple example of a k-symplectic manifold endowed with a transversal integrable distribution verifying (i) and (ii) is given by R n(k+1) with its standard k-symplectic structure given by Theorem 2.1 and taking as Q the distribution spanned by ∂ ∂x 1 , . . . , ∂ ∂x n . We also remark that the splitting T M = L⊕Q = L 1 ⊕· · ·⊕L k ⊕Q induces a canonical isomorphism between Q and N F := T M/L, the normal bundle to the foliation F . In particular, it follows that Q * = ann(L) and, arguing in the same way for the foliation
, for each α ∈ {1, . . . , k}. Taking into account these remarks, we can prove the following preliminary lemmas:
, we get the result.
and by the integrability of Q.
k}, be a k-symplectic manifold and let Q be an integrable distribution supplementary to T F verifying the above conditions (i), (ii) and such that
are the maps defined in Lemma 3.2. Then there exists a unique connection ∇ on M satisfying the following properties:
where T denotes the torsion tensor field of ∇.
Proof. According to the decomposition
Lα on each subbundle L α , a connection ∇ Q on Q and then we take the sum of these connections for defining a global connection on M . Fix an α ∈ {1, . . . , k}. We define ∇
Now we prove that ∇ Lα is a connection on the subbundle L α , for each α ∈ {1, . . . , k}. As before it is easy to show
Therefore we can define a global connection on M putting, for any V, W ∈ Γ (T M ),
Analogously, one can compute for all the other cases, concluding that ∇ω α = 0 for all α ∈ {1, . . . , k}. Finally, for any X ∈ Γ (L α ) and Y ∈ Γ (Q) we have
It remains to prove the uniqueness of this connection up to the properties (1)-(3). Let X ∈ Γ (L) and Y ∈ Γ (Q). For any X ′ ∈ Γ (L) we have, by (1) and (3),
, for all α ∈ {1, . . . , k}, from which we get Proof. Let X ∈ Γ (L β ) and X ′ ∈ Γ (L α ) and assume that α = β. We have T (X, Proof. For any X, X ′ ∈ Γ (L) and Y ∈ Γ (Q), using the integrability of L, we have
by the Jacobi identity. Then, for any X, X ′ ∈ Γ (L) and X ′′ ∈ Γ (L α ) we have
and
by the Jacobi identity. This shows that R X,X ′ = 0 for any X, X ′ ∈ Γ (L). In the same way, one can prove the flatness along the leaves of the foliation defined by Q. Now we give an interpretation of the connection stated in Theorem 3.3 in terms of some geometric structures which can be attached to a k-symplectic manifold. So let (M, ω α , F ), α ∈ {1, ..., k}, be a k-symplectic manifold and let Q be a distribution transversal to F such that ω α (Y, Y ′ ) = 0 for any Y, Y ′ ∈ Γ(Q). Assume that M admits a Riemannian metric g such that the distributions L 1 , . . . , L k , Q are mutually orthogonal. For each α ∈ {1, ..., k}, since ω α is non-degenerate on L α ⊕ Q, one can find a linear map A α :
The operator A α , α ∈ {1, . . . , k}, is skew-symmetric and A α A * α , α ∈ {1, . . . , k}, is symmetric and positive definite, thus it diagonalizes with positive eigenvalues (
which is also symmetric and positive definite. Set
Note also that the Riemannian metric g satisfies g(J α X, J α Y ) = g(X, Y ) for each α ∈ {1, . . . , k} and for any X, Y ∈ Γ(T M ). We call (J 1 , . . . , J k , g) a compatible almost kKähler structure. Now assume to be under the assumptions of Theorem 3.3. Note that for each α ∈ {1, . . . , k}, the leaves of the foliation defined by L α ⊕ Q, endowed with the Proof. We show that the Levi-Civita connection ∇ g satisfies the properties (1), (2), (3) which, according to Theorem 3.3, define uniquely the canonical connection ∇. First of all we prove that ∇ g preserves Q. Let Y ∈ Γ (Q). Then, since ∇ g g = 0, for any V ∈ Γ (T M ) and X ∈ Γ (T F ), we have
Finally we have to prove that ∇ g ω α = 0, for each α ∈ {1, . . . , k}. We observe, firstly, that ∇ g J α = 0, for each α ∈ {1, . . . , k}. This is a consequence of the definition of J α , of the fact that the leaves of the foliation defined by L α ⊕ Q are Kählerian manifolds, and of the above properties that
This concludes the proof.
Applications
In this section we will examine some consequences of Theorem 3.3. It can be useful to find the connection defined in Theorem 3.3 in Darboux coordinates {x 1 , . . . , x n , y 1 , . . . , y kn } according to Theorem 2. . Then by a straightforward computation we have that ∂y (k−1)n+h , for all i, j, h ∈ {1, . . . , n}. Moreover, the curvature is given by
Then we have that the curvature 2-form of ∇ has the following very simple expression
from which it follows that Ω h vanishes for h > n. Thus if f ∈ I h (G) is an ad (G)-invariant polynomial of degree h, where G = Sp(k, n; R), we have that f (Ω) = 0 for h = deg (f ) > n. This proves the following result. Another strong consequence of Theorem 3.3 is the existence of an Ehresmann connection. We recall the concept of Ehresmann connection for foliations. Let (M, F ) be a foliated manifold and D a distribution on M which is supplementary to the tangent bundle L of the foliation F at every point. A horizontal curve is a piecewise smooth curve β : 
and σ a = σ (a, ·) are called, respectively, the initial vertical edge, the final vertical edge, the initial horizontal edge and the final horizontal edge of σ. We say that the distribution D is an Ehresmann connection for F if for every vertical curve α and horizontal curve β with the same initial point, there exists a rectangle whose initial edges are α and β (cf. [6] ). This rectangle is unique and is called the rectangle associated to α and β. It is known ( [5] ) that every totally geodesic foliation of a complete Riemannian manifold admits an Ehresmann connection, namely the distribution orthogonal to the leaves of the foliation. Furthermore, by the duality Riemannian -totally geodesic, the orthogonal bundle to a Riemannian foliation is also an Ehresmann connection for this foliation.
Recall that given a foliated manifold (M, F ) and a supplementary subbundle D to T F (not necessarily an Ehresmann connection), any horizontal curve τ : [0, 1] −→ M defines a family of diffeomorphisms {ϕ t :
This family of diffeomorphisms is called an element of holonomy along τ ( [6] ). It is shown in ( [14] ) and in ( [5] ) that an element of holonomy along τ exists and is unique, in the sense that any two elements of holonomy must agree on some neighborhood of τ (0) in the leaf through τ (0). When the leaves of F have a geometric structure -such as a Riemannian metric or a linear connection -we say that D preserves the geometry of the leaves if the element of holonomy along any horizontal curve is a local isomorphism of the particular geometric structure.
Using the canonical connection which we have defined in § 3 we prove now the following result. . We transport by parallelism the vector α ′ (0) along the curve β, obtaining a vector v s ∈ T β(s) M which is in turn tangent to F since the ∇-parallel transport preserves the foliation F (note also that the vector v s does not depend on the curve because the curvature vanishes identically). Let τ s be the geodesic determined by the initial conditions τ s (0) = β(s) and τ ′ s (0) = v s . Since the foliation F is totally geodesic (with respect to ∇), τ s is a curve lying on the leaf L s of F passing for β(s), and the assumption on the completeness of L s implies that we can extend τ s for all the values of the parameter t. In this way we obtain a map
, and it is easy to show that it is just the rectangle we are looking for. Now we have to prove the theorem dropping the assumption that the curve α is a geodesic. Because M is compact and the leaves of F are complete affine manifolds with respect to ∇, we find ǫ > 0 such that for any x ∈ M , the ǫ-ball B(x, ǫ) is convex. As the leaves are totally geodesic, the ǫ-balls B L (x, ǫ) in any leaf L coincide with the corresponding connected components of B(x, ǫ) ∩ L. Therefore, for any x ∈ M , there exists ǫ > 0 such that the ǫ-balls B L (x, ǫ) are convex. Suppose now that α : [0, a] −→ M is a vertical curve contained in B L (x, ǫ), with x = α (0). Let α t denote the geodesic on L joining x with α (t), for any fixed t ∈ [0, a]. Then we define
, where σ αt,β| [0,s] denotes the rectangle associated to the curves α t and β| [0,s] . By the first part of the proof, σ is just the rectangle whose initial edges are α and β. Finally, if α is any leaf curve on M , not necessarily contained in B L (x, ǫ), then we can always find a partition of [0, a], say 0 = t 0 < t 1 < · · · < t m = a, with the property that, for any i ∈ {0, . . . , m − 1}, α (t i ) , α (t i+1 ) ∈ B (α (t i ) , ǫ). Let σ (0) be the rectangle corresponding to α| [0,t1] In general, to each leaf L of a foliation admitting an Ehresmann connection D, it is attached a group H D (L, x), x ∈ L, defined as follows ( [6] ). Let Ω x be the set of all horizontal curves β : [0, 1] −→ M with starting point x. Then there is an action of the fundamental group π 1 (L, x) of L on Ω x given in the following way: for any δ = [τ ] ∈ π 1 (L, x) and for any β ∈ Ω x , τ · β is the final horizontal edge of the rectangle corresponding to τ and β. It can be proved that this definition does not depend on the vertical loop
It is known that H D (L, x) does not depend on the Ehresmann connection D, thus it is an invariant of the foliation. Then we have the following result. Now we study more deeply k-symplectic manifolds whose canonical connections are flat. From (4.1)-(4.3) it follows that the geometric interpretation of the flatness of ∇ is that the functions t αj i are leaf-wise affine. Usually this condition is expressed saying that Q is an affine transversal distribution for F (see, for instance, [22] , [23] ). In the following theorem we give a normal form for flat k-symplectic manifolds: Theorem 4.6. Let (M, ω α , F ), α ∈ {1, . . . , k}, be a k-symplectic manifold and Q a distribution satisfying the assumptions of Theorem 3.3 . If the corresponding canonical connection ∇ is flat, then there exist local coordinates {x 1 , . . . , x n , y 1 , . . . , y kn } with respect to which each 2-form ω α is given by
F is described by the equations {x 1 = const., . . . , x n = const.} and Q is spanned by ∂ ∂x 1 , . . . , ∂ ∂x n .
Proof. Let x ∈ M be a point and U ⊂ M a chart containing x. One can consider an adapted basis {e 1 , . . . , e n(k+1) } of T x M such that, for each α ∈ {1, . . . , k}, {e (α−1)n+1 , . . . , e αn } is a basis of L αx , {e kn+1 , . . . , e n(k+1) } is a basis of Q x , and ω α e (β−1)n+i , e (γ−1)n+j = ω α (e kn+i , e kn+j ) = 0, (4.5)
ω α e (β−1)n+i , e kn+j = − 1 2 δ αβ δ ij , (4.6) for all α, β, γ ∈ {1, . . . , k}, i, j ∈ {1, . . . , n}. For each l ∈ {1, . . . , n(k + 1)} we define a vector field E k on U by the ∇-parallel transport along curves. More precisely, for any y ∈ U we consider a curve γ : [0, 1] −→ U such that γ (0) = x, γ (1) = y and define E l (y) := τ γ (e l ), τ γ : T x M −→ T y M being the parallel transport along γ. Note that E l (y) does not depend on the curve joining x and y, since R ≡ 0. Thus we obtain n(k+1) vector fields on U , E 1 , . . . , E n(k+1) such that, for each α ∈ {1, . . . , k}, i ∈ {1, . . . , n}, E (α−1)n+i ∈ Γ(L α ) and E kn+i ∈ Γ(Q), since the connection ∇ preserves the subbundles L α and Q. Moreover, by (4.5)-(4.6) we have for any y ∈ U and α, β, γ ∈ {1, . . . , k}, i, j ∈ {1, . . . , n} ω α E (β−1)n+i , E (γ−1)n+j = ω α (E kn+i , E kn+j ) = 0, (4.7)
Indeed, for all l, m ∈ {1, . . . , n(k + 1)}, d dt ω α (E l (γ (t)) , E m (γ (t))) = ω α (∇ γ ′ E l , E m ) + ω α (E l , ∇ γ ′ E m ) = 0 because ω α is parallel with respect to ∇. Thus ω αx (e l , e m ) = ω αy (E l (y) , E m (y)), for any y ∈ U . Note that, by construction, we have ∇ E l E m = 0 for all l, m ∈ {1, . . . , n(k + 1)}. ¿From this, Theorem 3.3 and Proposition 3.4 it follows that the vector fields E 1 , . . . , E n(k+1) commute each other. Therefore there exist local coordinates {x 1 , . . . , x n , y 1 , . . . , y kn }, α ∈ {1, . . . , k}, such that E (α−1)n+i = ∂ ∂y αi and E kn+j = ∂ ∂x j , for any i, j ∈ {1, . . . , n}. Note that by (4.7)-(4.8) we get that ω α = n i=1 dx i ∧dy (α−1)n+i . Thus, with respect this coordinate system, (i) each L α is spanned by ∂ ∂y (α−1)n+1 , . . . , ∂ ∂y αn ,
(ii) Q is spanned by ∂ ∂x 1 , . . . , ∂ ∂x n , (iii) the k-symplectic forms ω α are given by ω α = n i=1 dx i ∧ dy (α−1)n+i . This proves the assertion.
Remark 4.7. Theorem 4.6 should be compared with Theorem 2.1. It should be remarked that according to Theorem 2.1 there always exist local coordinates {x 1 , . . . , x n , y 1 , . . . , y kn } verifying (4.4) and such that the foliation F is locally given by the equations {x 1 = const., . . . , x n = const.}. On the other hand, by the general theory of foliations there always exists local coordinates {x 
